We study graphene nanoribbons and carbon nanotubes containing ordered defect lines built of octagonal rings. We show that octagonal defect lines are a robust source of state localization at the Fermi energy, in some cases leading to spontaneous magnetization. We also prove that the localization at chains of octagons is a consequence of the zigzag nature of the graphene edges forming the defect lines.
I. INTRODUCTION
The experimental observation of grain boundaries in graphene, [1] [2] [3] either disordered 1 or as periodic extended defect lines, 2 constitutes a great motivation for the theoretical study of such defect arrangements. Recently, much effort has been devoted to investigating the structural properties and atomic formation of such extended defects. [4] [5] [6] In fact, grain boundaries are especially interesting because they can strongly modify the electronic properties of graphene and carbon-based structures. This is because they present localized states at the Fermi level, which influence their transport and magnetic properties. [7] [8] [9] [10] [11] Grain boundaries in graphene can be seen as defect lines formed at junctions between sheets of graphene or graphene ribbons. Experimental techniques nowadays allow the patterning of graphene into nanometer-size ribbons with well-controlled size and shape of the edges. 12, 13 Graphene nanoribbons (GNRs) with smooth edges can also be obtained by unzipping carbon nanotubes (CNTs). 14, 15 So it can be envisioned that by manipulating graphene nanoribbons and their edges, they could be connected, forming lines of topological defects at their interfaces. For example, an armchair edge can be joined to a zigzag one by a line of pentagon-heptagon (5-7) defects. 16 Interface states that localize at such junctions have been customarily related to these topological defects. However, it has been recently shown that such states do not originate from the 5-7 defects, but are due to the edge-localized states, which in turn stem from the zigzag edges of the joined systems. 16, 17 In graphene nanoribbons, and generally in any graphene structure with edges, the condition for the existence of edge-localized states at the Fermi energy, i.e., the vanishing of the sum of the wave function coefficients at all nearestneighbor nodes around a given node, enforces localization of the corresponding wave function at only one sublattice. 18 The presence of odd-numbered topological defects, which is typical at interfaces between different graphene structures, mixes the two graphene sublattices. As a consequence, the localized states move away from the Fermi energy. 16 This is the case of 5-7 defects. However, interfaces between two zigzag ribbons can be made with octagonal rings accompanied by pentagons. Such interfaces are just graphene defect lines built of octagons and pentagons. In these systems the interface localized states have energies at the Fermi level, so they can strongly influence the electronic and magnetic properties. For example, it has been recently shown that these double pentagon-octagon junctions may act as quasi-one-dimensional metallic wires. 2 Electronic and magnetic properties of ribbons with octagon-pentagon line defects are now being intensively investigated. [19] [20] [21] [22] In this work we study the appearance of localized states in graphene-based systems with octagonal defects. We investigate octagonal defect lines appearing both in graphene ribbons and in carbon nanotubes, which can be considered as rolled-up ribbons. To this end, we bring into play previous findings on localized states on graphene edges. 17 We show that zero-energy states localized at octagonal defect lines have their origin in the edge-localized states of ribbons. In some instances, these defect lines may give rise to spontaneous magnetization. We employ a π -electron tight-binding (TB) approximation, including electron interaction effects by means of the Hubbard model. A Green function matching approach is used to obtain the local density of states (LDOS). 23 Our main results are the following:
(i) Octagonal defects localize states at the Fermi energy even when the two graphene sublattices are mixed. In some cases, they may induce spontaneous magnetization. This is at variance with defects composed of pentagons and heptagons.
(ii) We fully explain this localization using the hybridization rules introduced for GNRs with arbitrary edges and presented in Ref. 17. (iii) Junctions between zigzag (n,0) nanotubes 24 made of octagons and pentagon pairs also present interface localized states. The number of such states and their energies depend on n, i.e., on the diameter of the nanotube. Their origin and size dependence are explained by the application of a folding rule (Ref. 16 ) to a graphene sheet with an octagonal defect line.
II. MODEL AND METHOD
All the calculations are performed within the π -electron tight-binding approximation. The electron interaction effects are taken into account within the Hubbard model. The tightbinding approach has been shown to be adequate for the modeling of the electronic properties around the Fermi energy in carbon nanotube superlattices, where localized states may also appear. 25, 26 In order to see the role of electron-electron interactions in the zero-energy states, we compare the oneelectron tight-binding results with those including a Hubbard term.
The Hubbard Hamiltonian in a mean-field approximation is given by 27 
H
where c † iσ (c iσ ) are the creation (annihilation) operators for electrons with spin σ at site i; i,j indicates that the sum is restricted to nearest neighbors; the index i runs over all the nodes in the unit cell; and the arrows correspond to the two possible spin states. The first term is the single-particle tight-binding Hamiltonian, while the second one represents the on-site Coulomb repulsion. The hopping parameter t is set equal to −2.7 eV and the on-site Coulomb repulsion parameter U is taken as 3 eV. Since the expectation values of the spinresolved densities at site i, n i,σ = c † i,σ c i,σ , depend on the eigensolutions of the Hamiltonian, the above equation is solved iteratively by means of the self-consistent field method.
We use a single and constant value of the hopping parameter t = −2.7 eV, although the carbon-carbon bond length changes near the defects. 28 We have checked that the usage of bondlength-dependent t changes negligibly the calculated energy spectra and has almost no effect on flatbands close to the Fermi level, in agreement with previous calculations. 26 A comment is required as to the on-site Coulomb repulsion parameter U . It is customary to choose a value that fits the gap of zigzag ribbons in density functional theory (DFT) calculations. By fitting to local density approximation (LDA) results, the value U = 2 eV was suggested in Ref. 29 . However, calculations performed beyond DFT in Ref. 30 using the GW approximation show that gaps are normally larger than those given by the LDA. We thus choose a higher U = 3 eV. Of course, we have checked that this choice does not change our results qualitatively with respect to the band structure and the magnetization. It confirms previous findings 29, 31 that the magnetization effects and general character of the bands are robust with respect to the value of U .
III. GRAPHENE RIBBONS AND CARBON NANOTUBES WITH OCTAGONAL DEFECT LINES
We begin by studying a zigzag GNR (ZGNR) with a defect line composed only of octagons, as shown in Fig. 1(a) . Pentagons will be introduced at a later stage by connecting every second octagon, as depicted in Fig. 1(b) . Additionally, we will also consider rolled-up systems, i.e., carbon nanotubes, which allow us to get rid of the zigzag-edge-localized states. We will analyze the differences among these closely related structures in order to elucidate the role of topological defects in their electronic properties. Finally, we will show that the appearance of zero-energy states localized at octagonal defects can be explained without performing calculations, but taking into account only the topology of the edges forming the octagonal defect lines. We will do it by applying the rules introduced in Ref. 17 to count the edge-localized states at arbitrary GNRs. Notice that the model employed in the above-mentioned work (a one-orbital TB Hamiltonian) does not take into account spin degeneracy, so when comparing with the Hubbard calculation we should double the degeneracy of all the TB bands.
A. Defect lines made of adjacent octagons
First we consider a ZGNR with a defect line made of octagons only, as shown in Fig. 1 Such ribbon may be obtained by connecting two 8-ZGNRs, 32 one of which has a Klein-like edge 17 at one side, as shown in Fig. 1(a) . Henceforth we will refer to these atoms as Klein nodes, even after their connection to form the octagons. This structure is less stable than the one experimentally observed, 2 in which every second octagon is reconstructd into a pair of pentagons [see Fig. 1(b) ]. However, this is an ideal model helpful in understanding localization effects at the octagonal defects. Notice that this system can be divided into two bipartite lattices. Consequently, the electronic spectrum within a π -orbital nearest-neighbor TB model has electron-hole symmetry, as can be seen in the energy bands shown in Fig. 2(a) . Although there is no sublattice mixing, the defect line makes both zigzag edges belong to the same sublattice, differently from a defect-free zigzag ribbon. This introduces an imbalance between atoms belonging to opposite sublattices, with an excess of two atoms per unit cell in the sublattice to which the edges belong. Therefore, according to Lieb's theorem, 33 there should be a net magnetic moment of two Bohr magnetons in this system, as we will corroborate below.
The wave functions corresponding to the four zero-energy bands at k = 0, calculated in the TB model without spin, are presented in Fig. 2(c) . Those labeled by Z e belong to two states localized at the outer (external) zigzag edges of the ribbon. The other two flatbands, which extend over the entire Brillouin zone (BZ), have their wave functions localized at the octagonal defects, but in opposite sublattices. One of them, labeled K, looks like a state localized mainly at the Klein nodes. 17 Note that these Klein atoms have only two nearest neighbors, i.e., coordination number 2. The other band is similar to the edge states localized in zigzag nanoribbons, but separated by the row of Klein atoms where the wave function has zero weight. It stems from the two zigzag edge states which are now in the inner part of the system, and thus labeled Z i . Since the row of Klein atoms is in fact shared by both inner zigzag "edges," the electrons are also shared by them, being like a resonant state composed of a mixture of a double and a single bond in an aromatic ring. This idea is supported by the fact that the maximum of the wave function at these four inner zigzag nodes is half of the maximum value of the other three wave functions, so it can be considered that this resonant state is shared between the two inner zigzag edges.
Due to the sublattice imbalance, we expect a net magnetization in this system. Therefore, we take into account electron-electron interaction effects by employing the Hubbard model, in which the on-site Coulomb repulsion is included as outlined in Sec. II. The resulting bands are presented in Fig. 2(b) . Blue solid lines correspond to spin-up (majority) bands and red dashed lines represent spin-down (minority) solutions. Since we include now the spin, the number of bands is doubled, as is clearly seen in the figure. At k close to zero and for energies below the Fermi level, there are three nearly degenerate spin-up bands and one spin-down band. All the corresponding spin-up wave functions are localized at the same sublattice: one at the bottom zigzag edge, the second at the upper zigzag edge, and the third one at the internal Klein nodes of the octagonal defect. They closely resemble the first three TB functions shown in Fig. 2(c) . The wave function of the spin-down band is localized at the inner zigzaglike nodes, i.e., on the opposite sublattice to that to which the Klein atoms belong. At k > 2π 3 , there are two spin-up bands below E F , while their spin-down counterparts are unoccupied. Therefore, the calculated spin polarization per unit cell is close to 2μ B and the system presents spontaneous magnetization, consistent with the number given by Lieb's theorem. The validity of Lieb's theorem is quite remarkable because in this case it is applicable "without even the necessity of periodic lattice structure." 33 Now, let us roll up the system to get an armchair carbon nanotube with the line of octagonal defects along the tube axis. This can be viewed as an (8, 8) tube with an extra row of atoms along its length. In this way we get rid of the zigzag outer edges and their corresponding localized states. Since we have to connect the ZGNR outer edge nodes which belong to the same sublattice, the resulting nanotube does not have globally defined (i.e., valid throughout the entire tube) atom sublattices. Figure 3 shows the corresponding band structures, calculated within the TB approximation and including a Hubbard term, as well as the wave functions for the zero-energy states at k = 0. Notice that, due to sublattice mixing, these bands do not have electron-hole symmetry. Since this system does not have zigzag edges, the two states that were previously localized at the outer edges in the associated ribbon, disappear in this case. The two surviving zero-energy bands are related to the line of octagonal defects. In fact, the wave functions at k = 0 look exactly the same as the corresponding defect-related wave functions in the unrolled system, as can be seen in Fig. 3(c) . This indicates that close to the octagons the two graphene sublattices are locally well defined, i.e., not mixed.
Moreover, there is a small energy gap between the flatband at the Fermi energy and the conduction bands, which is unusual for armchair tubes. However, since the flatband at E = 0 is unoccupied, the nanotube preserves its metallic character. Nevertheless, in this case the electrons around the Fermi energy occupy the states around the Klein nodes. It is important to emphasize that the robust metallicity of armchair nanotubes is strongly disturbed because the line of defects perturbs the 165427-3 nanotube wave functions, which are delocalized around the circumference in the case of the perfect nanotube.
The band structure calculated within the Hubbard model is presented in Fig. 3(b) . Due to the sublattice mixing produced by rolling up the ribbon, Lieb's theorem does not apply in this case, so the magnetic moment has to be obtained from the electronic spectrum. For k < 2π 3 the two flatbands just below E F have different spin polarization. The corresponding wave functions at k = 0 are localized at the octagonal defect, but each one at a different local sublattice, like the TB wave functions in Fig. 3(c) . However, for k > 2π 3 the two occupied flatbands below the Fermi energy have the same spin polarization. As a result, the calculated magnetization is almost three times weaker than in the previous case, being approximately ∼0.6μ B .
B. Defect lines composed of alternating octagons and double pentagons
Let us now consider a system that has been recently studied both experimentally 2 and theoretically: 21 a ZGNR with a defect line made of alternating octagons and pentagon pairs. This geometrical reconstruction of octagons into pentagons is driven by the σ orbitals, but they do not need to be considered here because their energies are much below the Fermi level. Due to this reconstruction, a new bond appears between pairs of the Klein-like nodes, which now have coordination number 3, 2, 11, 34 as shown in Fig. 1(b) . Due to the presence of the pentagons there is a local sublattice mixing at the defect line. The band structure for the unrolled system within the TB approximation is shown in Fig. 4(a) . The wave functions at k = 0 corresponding to the flatbands are presented in Fig. 4(c) .
As expected, the state that was localized at the Klein-like atoms in the previously studied system moves away from the Fermi energy due to the newly formed bond. However, the other state located at the zigzaglike rows of atoms does not change much. As its wave function is already zero at the newly connected Klein nodes, this state is not affected by the formation of the pentagons. Therefore, the corresponding band is much less affected by the on-site Coulomb interaction than the states localized at the GNR edges, which split up and down away from zero energy due to the electronic repulsion. This can be seen in the bands calculated within the Hubbard model, shown in Fig. 4(b) . For k = 0 the flattest band at Fermi energy is localized at the octagon. Our results close to the Fermi energy agree with those shown in Ref. 9 obtained with a density functional approach. The outer edges allow for localization of both the spin-down and the spin-up functions at the same nodes without large energy splitting between the corresponding bands, which is typical for zigzag nanoribbons. The flattest band at the Fermi energy, i.e., the one localized at octagons, is also a resonance between the two states belonging to the so-called inner zigzag "edges," as for the pure octagon cases, and therefore is not being affected much by the connection of the Klein-like modes forming the pentagons.
Let us finally consider the nanotube with the doublepentagon-octagon defect line. As done before, by rolling up the ribbon with the defect line, we obtain an (8, 8) armchair nanotube with a line of octagon and pentagon pair defects along the tube axis. This type of nanotube was previously studied by Okada and co-workers. 35 When connecting the outer zigzag edges, the corresponding localized states disappear and only one flatband for k < 2π 3 survives in the vicinity of the Fermi energy, 36 as depicted in Fig. 5(a) . The TB wave function corresponding to this flat band is shown in Fig. 5(c) , being localized at the octagon. The inclusion of the on-site Coulomb term in the Hubbard model [ Fig. 5(b) ] changes the spectrum negligibly, and all the bands remain spin degenerate. 
C. Junction between zigzag nanotubes made of alternating octagons and double pentagons
In the previous section we first considered a ribbon made of two zigzag ribbons connected by an octagon-double-pentagon defect line. Next, we rolled up that system, getting an armchair carbon nanotube with a line of octagons and pentagon pairs along the tube axis. Now we want to roll up the initial ribbon in the perpendicular direction, in order to obtain two zigzag nanotubes joined by a sequence of octagons and pentagon pairs.
We start by letting the width of the initial ribbon tend to infinity. This yields an octagon-pentagon-pair junction between two graphene half planes, one with a zigzag edge and the other with a Klein-like edge. This system can be considered as a junction between two pure zigzag graphene semi-infinite half planes joined by a sequence of octagons and pentagon pairs [see Fig. 1(b) ]. Figure 6(a) shows the calculated LDOS at such a junction. It is clear that it is a limiting case of Fig. 4(a) for infinite ribbon width.
By cutting a strip perpendicular to the defect line and rolling it up, a junction between two zigzag carbon nanotubes is obtained. Denoting the width of the strip by the number of zigzag nodes, a junction between two (2n,0) zigzag nanoribbons can be made by rolling a strip of width 2n (notice that since the unit cell of the junction contains one octagon and a pentagon pair, the smallest number of zigzag nodes in such a unit cell is 2). In principle, the interface states of these junctions are located by calculating the LDOS for each system. However, instead of performing a calculation for each n, we can easily find the number of interface states, their energies, and the relative strengths of localization at the junction by applying the Born-von Kármán boundary condition to the interface bands shown in Fig. 6(a) , as in Ref. 16 , where junctions between (n,n) and (2n,0) tubes were studied. Likewise, the energies of the nanotube interface states are determined by the crossings between the interface bands of the graphene junction in Fig. 6(a) 
As an example, for a hypothetical junction between two (2,0) nanotubes, there is only one allowed wave vector, k = 0, yielding two gap states: one at E = 0 and another at E = −1.5 eV. The relative intensity of the LDOS for these energies gives an idea about the localization strength at the junction. For comparison we have calculated the LDOS for the junction between two (8,0) nanotubes (n = 4). It is shown in Fig. 6(b) . The allowed wave vectors are therefore k = 0,
(but only three in the irreducible BZ). The highest peak is at E = 0, being much higher than the rest. The relative strengths of the peaks in the LDOS for the nanotube junction in Fig. 6(b) are the same as those in graphene shown in Fig. 6(a) , with a correction for the peak at E = 0, since it corresponds to two states, namely, those at k = π 2 and π . It is interesting to note that only two states, those with E = 0, are localized exactly at the junction. The state at E = −0.6 eV is slightly delocalized, while the other three states are strongly delocalized. Additionally, there are two localized states with energies E = −1.5 eV and E ≈ ±0.77 eV in the nanotube junction. They appear in the nanotube band continuum, but stem from the interface bands shown in Fig. 6(a) .
D. Explanation of the results presented in Secs. III A and III B
In Ref. 17 a series of hybridization rules was presented, allowing for an explanation of the existence and degeneracy of the zero-energy flatbands localized in graphene ribbons with arbitrary edges. These rules are based on (a) band folding and (b) splitting of degenerate flatbands localized at different graphene sublattices whenever their wave functions overlap, i.e., when they are connected by a nearest-neighbor hopping. As in some of the systems studied here the lattice is no longer bipartite, the criterion will be just whether a nearest-neighbor hopping is set between atoms with a non-negligible wave function amplitude.
Let us apply those rules to explain all the results obtained in the previous sections III A and III B. We adopt a construction technique schematically shown in Fig. 7 . We start from two zigzag GNRs, which result from horizontally cutting the ribbon, similar to the one shown in Fig. 1(a) but much wider, along the defect line. This yields two ZGNRs, one of them having Klein edge atoms at one side. The schematic band structures for such two ribbons are shown in Fig. 7(a) . When these two ribbons are connected, no splitting of the zero-energy bands occurs. This is because all the states are either localized at opposite outer edges of the ZGNR (the two Z e bands), or appear in separate regions of the Brillouin zone (K and Z i ). This is visualized in Fig. 7(b) . Now we want to connect every second Klein-like atom to form pairs of pentagons. To this end, we first double the unit cell, so the Brillouin zone has to be folded, yielding the band structure shown in Fig. 7(c) . Connecting the Klein-like atoms to form the pentagons moves the K bands away from the Fermi energy (see also Fig. 6 ) due to the newly formed bond, as shown in Fig. 7(dr) . If we further roll up the ribbon into a CNT, the two Z e bands hybridize and disappear from the zero-energy region, as shown in Fig. 7(e) . The same result can be obtained from stage (c), first rolling up the ribbon with octagons only, which yields Fig. 7(dl) , and then forming the pentagons, ending up in Fig. 7(e) . Note that the degeneracies of the zero-energy bands presented in Figs. 7(c), 7(dl), 7(dr), and 7(e) without considering spin are the same as those indicated in panels (a) of Figs. 2-5, respectively.
IV. SUMMARY AND CONCLUSIONS
We have investigated graphene nanoribbons and carbon nanotubes containing defect lines made of successive octagons or octagons and pentagon pairs. We have shown that the appearance of localized flatbands at the Fermi energy may be easily explained using the hybridization rules introduced in Ref. 17 . One of the localized states is a resonance between two states belonging to the inner zigzag edges which conform to the line of defects. This state is robust and appears at the Fermi level in all the systems investigated. Therefore, octagonal defect lines indicate reactivity sites in defected graphene.
We extended our research to zigzag nanotubes connected by octagons and pentagon pairs. We have shown that all the nanotube interface states are related to the localized bands which appear in graphene with an octagon-pentagon-pair defect line. The number of these interface states and their energies can be easily deduced by applying the folding rule described in Ref. 16 . Our approach gives a unified view of the origin and appearance of states localized at octagonal defect lines, relating them to graphene edge states.
Finally, we have included also the on-site electron-electron interaction effects by employing a Hubbard model, and we have investigated their influence on the localized zero-energy states. The spin-up and spin-down bands split only when there is no sublattice mixing at the nodes where they are localized. We have shown that such structures may present spontaneous magnetization.
